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^ . Abstract. We establish global regularity for weak solutions to quasilinear 

divergence form elliptic and parabolic equations over Lipschitz domains with 
controlled growth conditions on low order terms. The leading coefficients be- 

00 , long to the class of BMO functions with small mean oscillations with respect 

^sl , to X. 



. ', 1. Introduction 

-y ■ The paper is devoted to the study of the global regularity of weak solutions 

to quasilinear divergence form elliptic equations on Lipschitz domains with the 
Dirichlet boundary condition: 

{—Di{Aij[x,u)DjU + ai{x,u)) = b{x,u,'Vu) mil, 

f~^ ^ and quasilinear divergence form parabolic equations on cylindrical domains with 

^N| ■ the Cauchy-Dirichlet boundary condition: 



o 
o 



ut — Di (Aiiit, X, u]Dm + flift, X, u)) = bit, X, u, Vu) in Ut, 
^' \ y n > 1 K n K. ' „ ,^ (1.2) 

f— ^ ■ 1 u = on OpUT- 

Here ft C M'' is a bounded Lipschitz domain with a small Lipschitz constant, 
Uj. = (0,r) X n, and dpUr = ([0,T) x dft) U ({0} x n). 

The nonlinear terms Ay (i, x, u), ai{t, x, u), and b(t, x, u, ^) in the parabolic equa- 



- 1 — I 



tion (1.2) are of Caratheodory type, i.e., they are measurable in {t, x) gM.x'M.'^ for 
all {u, ^) e M x W^, and continuous in (u, ^) € M x R'' for almost aU (i, x) G R x W^. 
The terms in the elliptic equation ( |l.l[ ) are also of Caratheodory type with no time 
variable. The leading coefficients A^j are bounded and uniformly elliptic, that is, 
for some constant /z G (0, 1], 

We also assume that Aij{-, x,u) are uniformly continuous in u and have small mean 
oscillations with respect to x. It is well-known that functions in this class are not 
necessarily continuous. In the parabolic case, the coefficients Aij are further allowed 
to be merely measurable in the time variable. 
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The lower order terms ai and b in (1^) satisfy the foUowing controlled growth 
conditions: 

\ai{t,x,u)\ < ^il{\u\^^ +/), 

|&(t,a:,u,Vu)| <Ai2(|Vu|^^ + \u\^^ +g), 

for some constants /ii, /i2 > 0, where Ai = ^-j^, ^2 — Ja^^ -^3 = ^^7 ^-nd 

feL^iUr), geLriUr), ae{d + 2,^), Te(d/2 + l,w). 

We impose similar conditions in the elliptic case; see Section y. The contr olled 



growth conditions guarantee that weak solutions to the equations ( |l.l| ) and (|T2|) 
are well-defined (see an explanation above Theorem |3.2| ). If A^, i = 1,2,3, are 
strictly less than the numbers above, we say that the equations satisfy strictly 
controlled growth conditions. 



Under the above assumptions, in this paper we prove that weak solutions to the 



quasilinear equatio ns (|l.l[ ) and (1.2) have higher global integrability. For instance, 
a weak solution to (|l.2[) is proved to be a member of '^^(Wt) (see Section || for the 
definition of the Hp space) , where p > d + 2 is determined only by the integrability 
of / and g (i.e., a and r). As an easy consequence, by the Sobolev embedding 
theorem, weak solutions turn out to be globally Holder continuous with the Holder 
exponents depending only on the dimension and the integrability of / and g. 

There has been tremendous work on the regularity of weak solutions to diver- 
gence type elliptic and parabolic equations/systems. Let us mention some of them 
to explain our results here. For linear equations, the fundamental results by De 
Giorgi |1^ and Nash |g^ show the interior Holder regularity of weak solutions. 
For linear or quasilinear/nonlinear systems, to which weak solutions are in gen- 
eral partially regular, there has been a lot of discussions on higher integrability 
of solutions and reverse Holder's inequalities (see, for instance, [g^ |l^, p| pj|), 
which are the key ingredients in the proofs of partial regularity results. When 
quasilinear or nonlinear equations/systems are considered, the regularity of weak 
solutions has been investigated under various growth conditions on lower order 
terms. By nonlinear systems we mean here, in the elliptic case, equations of the 
form div A{x,u, Du) = b{x, u, Du) . 

More specifically, with linear (A2 — 1), quadratic (A2 — 2), or (strictly) con- 
trolled growth conditions imposed on the lower order nonlinear terms, various 
reverse Holder's inequalities, and partial regularities of weak solutions to quasi- 
linear or nonlinear systems have been obtained in [|^ ^, ^, g, Q ||, |l^ and 
jsj 0, ^ H, psl. In particular, linear growth conditions for parabolic systems were 
considered iriJQ and [^ , where the latter one also considered a quadratic growth 
condition. The strictly controlled growth conditions were investigated in 0, ||, |5| 
for parabolic systems. In |l^, |^, Q elliptic systems with quadratic growth condi- 
tions were considered. The controlled growth conditions for elliptic systems were 
investigated in [|| and Q. In Q the authors considered three different kinds of 
growth conditions including the controlled and quadratic growth conditions. We 
remark that the quadratic growth conditions are always accompanied by an addi- 
tional smallness assumption on solutions. 

The corresponding boundary estimates are more delicate. Under the controlled 
growth conditions, Arkhipova investigated Neumann problems for divergence type 
quasilinear elliptic and parabolic systems, for example, in R, 0] (see references 
therein), where she proved reverse Holder's inequality and partial regularities up 
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to the boundary of solutions. The key steps are careful boundary estimates using 
the structure of Neumann boundary conditions. To the best of our knowledge, the 



corresponding results for the Dirichlet problem (1.2) are not available in the liter- 
ature. We also mention that, under a quadratic growth condition, similar results 
(i.e., partial regularity up to the boundary) for quasilinear elliptic systems with 
non- homogeneous Dirichlet boundary conditions were obtained later in p3]. Re- 
garding general nonlinear homogeneous parabolic systems (i.e. 6 = 0), very recently 
Bogelein, Duzaar and Mingione H obtained boundary partial Holder regularity of 
Du for the Cauchy-Dirichlet problem; see also [O for a corresponding result for 
elliptic systems. Note that in general global regularity cannot be expected for sys- 
tems (see |0, Kl| ) , and even for partial regularities usually one requires the leading 
coefficients to possess certain regularity in all involved variables (usually uniform 
continuity) . 

Recently regularity theory for quasilinear equations with discontinuous coeffi- 
cients has been studied in ||lj, ^. In ||l^, Feng and Zheng established an inte- 
rior reverse Holder's inequality for quasilinear elliptic systems with the controlled 
growth conditions under the assumption that the leading coefficients are in the 
class of VMO functions with respect to x variables. In addition, they obtained the 
optimal interior Holder continuity of solutions to scalar equations as well as partial 
Holder regularity of solutions to systems. With the same VMO assumption on the 
leading terms, Palagachev [^ proved the global Holder regularity of solutions to 
elliptic quasilinear equations in C^ domains. He used a bootstrap argument which, 
however, requires the strictly controlled growth conditions. The relaxation of the 
regularity assumptions on the leading coefficients from uniform continuity to VMO 
in [|l^, g^l relies on the Lp-theory of linear equations/systems with VMO coeffi- 
cients, the study of which was initiated in pQ |. For quasilinear nondivergence form 
equations with discontinuous coefficients, we refer the reader to the book pq] and 
reference therein. 

In view of the more general growth conditions on coefficients and the global 
nature of the Holder regularity in this paper, our results can be considered as 
generalizations of the known regularity results for weak solutions to quasilinear 
divergence form elliptic and parabolic equations with the Dirichlet boundary con- 
dition. In particular, we generalize the results in p^ ] for elliptic as well as parabolic 
equations under the controlled growth conditions. As noted earlier, in the parabolic 
case we do not require any regularity of the terms in the equation as functions of 
the time variable. The controlled growth conditions are optimal (see, for instance, 
a counterexample in |29|] ) unless some additional boundedness conditions on weak 
solutions are imposed. It is worth noting that in the parabolic case with d = 1,2 
the growth conditions defined in this paper are more general than those commonly 
used before; see, for example, [pi. This is because we use a multiplicative inequality 



(Lemma 4.1) instead of the Sobolev imbedding theorem, which is not optimal when 
d= 1,2. 

As we mentioned above, the bootstrap argument in |29|| cannot be applied di- 
rectly to weak solutions under the controlled growth conditions. To achieve our 
main results, we first establish rever se H older' s ine qualities (slightly higher inte- 
grability) for quasilinear equations ([l.l[) and (1.2) under the controlled growth 



conditions. It should be mentioned that the reverse Holder's inequalities, which 
have their own interest, also hold for systems. The main difficulty here is to have 
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the interior and boundary estimates in the same form in order to apply Gehring- 
Giaquinta-Modica's lemma. It turns out that in our case the proof of the interior 
estimate for parabolic equations is more involved (see Proposition |4.5| ). The slightly 
higher integrality enables us to go through the bootstrap argument shown in p9[ , 
by utilizing the recent development of Lp-theory for divergence form linear equa- 
tions with BMO coefficients (for instance, see |lj| and references therein). Note 
that, as in p9[ , we have explicit descriptions of Holder exponents in terms of the 
summability of / and g, whereas such explicit Holder exponents are not shown in 
the De Giorgi-Moser-Nash theory. It is worth mentioning that by using the slightly 
higher integrability results established in this paper and the arguments, for exam- 
ple, in [n9l ^, Uq] , one may also obtain the partial regularity up to the boundary of 
weak solutions to systems. We do not intend to pursue this in the current paper. 

This paper is organized as follows. In Section we introduce some notation and 
definitions. Then we state our main results in Section y. Section || is devoted to 
reverse Holder's inequalities for the parabolic case, which are obtained by boundary 
and interior estimates. In Section ^ we present some Lp-theory for linear equations 
in order to run the bootstrap argument in Section y, where higher integrability of 
solutions is proved, thus the global Holder regularity follows. In the last Section 
we briefly treat the elliptic case. 

2. Notation and definitions 

We use X — {t, x) to denote a point in R'*+^; x — (x^, . . . , x'^) will always be a 
point in R'*. We define the parabohc distance between two points X = {t,x) and 
Y = (s, y) in M'^+i as 



|X-y|p:=max(/^^,|x-y|), 

where | • | denotes the usual Euclidean norm. 

For a given function u — u{t,x) defined on Q C R''+^, we use DiU for du/dx^, 
while we use Ut for du/dt. For a e (0, 1], we define 

HX)-u{Y)\ 



|W|„./o ^.n = \U\r,.n + [u]al2,a;Q -^ SUp \u{X)\ + SUp 



Q/2,a;Q - l"l0;Q ^ L"J"/2,a;Q •- "LlJJ I^V-^yi -T BUJJ — —7^ 



By C"/^'"((5) we denote the set of all bounded measurable functions u on Q for 
which |u|^ ;2 a-n ^^ finite. We use the following notation for parabolic cylinders in 



Qr{X):^{t-r^,t) xBr{x), 

where Br{x) is the usual Euclidean ball of radius r centered at x e R''. For an 
open set fi c R'', we set 

nr{x) = nnBrix). 

For an open set U C M''+^, we set 

Ur{X) =Ur\Qr{X). 

We write Z-/(to) for the set of all points {ta,x) in lA and liU) for the set of all t 
such that U{t) is nonempty. For a function u defined on U, we occasionally use the 
following norm; 

lhlll& = P"llL(L/)+ sup h(t,-)llL(iY(t))- 

tei{U) 
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Now let U := U^ be the cylinder (5, T) x fJ, where -cx) < S* < T < oo and fi 
is a bounded domain in W^ . Throughout the paper, as in (1.2) we write Ut when 
5 = 0. We denote by W2 ' (W) the Hilbert space with the inner product 






Set Wl''^{U) to be the subspace of W^'^{U) such that ut S L2{U), and V2{U) to 
be the Banach space consisting of all elements of Wj ' ipl) having a finite norm 
ll^llv2(W) '■— lll"lllw- By V2{U) we mean the set of all functions u in V2(hl) that 
vanishes on the lateral boundary dilA := {S,T) x dH- of U. From a well known 
Sobolev-like imbedding theorem (see e.g., |2^, §11.3]), we have 

ML.^,MU)<Nid)\M\ii, VueUU). (2.1) 

We denote M.p^{U) to be the space consisting of all functions u satisfying 

inf {||5||lp(w) + \\h\\Lp{u) h = divg+h} < 00. 

It is easy to see that M~^{h() is a Banach space. Naturally, for any u E M^^(U), we 
define the norm 

II"IIh-1(W) =inf {II9||lp(w) + \\h\\Lpiu)\u = divg+h} . 

We also define 

Ul{U)^ {u: u,DueLp{U),ut eM-\U)} . 

Note that nl(U) C V2iU). 

Let a A b — min(a, b). Finally, by N(d,p, • • • ) we mean that A'^ is a constant 
depending only on the prescribed quantities d,p,- ■ ■ . 

3. Main results 

We first introduce a bounded Lipschitz domain Q, which we use throughout the 
paper. A constant /3 will be specified later. 

Assumption 3.1 (/3). There is a constant _Ro G (0, 1] such that, for any xq E dfl 

and r E (0, Rq], there exists a Lipschitz function (p: W^^^ -^ M such that 

n. n Brixo) ^ {x E Br{xo) : x^ > 0(a;')} 

x':y'eB'^(x'Q),x'^y' \y ^ I 

in an appropriate coordinate system. 

Let us first state our results for elliptic equations, assuming the following con- 
trolled growth conditions on the lower order terms: 

\a,{x,u)\<^i,{\up^^ + f), 
\b{x, u, yu)\ < Ai2(|Vwp(i-i/7) + |^|7-i + g)^ 
for some constants fJ^i, fJ.2 > 0, where 

2d 
fEL2{n), cjEL^in), j^{d^' ^ ' 

any number bigger than 2, d = 2. 
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We call u € 14^2^ ($7) a weak solution to (lA) if for any cj) G W2^(ri), we have 



{Aij{x,u)DjU + ai{x,u))Di(l)dx — / b{x^u,Du)4)dx. 
Q. Jn 

Note that the controlled growth conditions are natural conditions because they are 

needed for the convergence of the integrals in the definition of weak solutions above. 

Theorem 3.2 (Reverse Holder's inequality for elliptic equations). Let u G W2^(ri) 
be a weak solution to (1.1). Suppose in addition that f G La-{^) and g G Lr{i^) for 
some a G (2,oo) and t G {"f/{"f — 1),cxd). Then there exists p > 2 depending only 
on d, ^, /ii, ii2, o", T, 13, and u, such that 

I|u||l,,/,(o) + WDuU^^n) < N, 

where N = N{d,fi,fii,fi2,cr,T,l3,u, ||/||L„(n), llslU^co), I^^D- 



To get the optimal global regularity for the equation (1.1), we need a few more 
assumptions. Let 

A*^ s„p .,„„ / / |.4.,(.,,,)-A,fa,,,)|..*^ 

zoeR,r<_R 

The following assumption indicates that Aij{x^-) have small mean oscillations 
as functions of x G M'' . 

Assumption 3.3 (p). There is a constant i?i G (0, 1] such that A^ < p. 

We also need a continuity assumption on Ay (■, z) as functions of z G M. 

Assumption 3.4. There exists a continuous nonnegative function a;(r) defined on 
[0, oo) such that w(0) = and 

\Aij{xo,zi) - Aij{xo,Z2)\ < uj{\zi - Z2I) 
for all Xq G M'' and Zi, Z2 G M. 
Set 

J ,"" if q < d, 



qd 
q* =^ { d-q 



I arbitrary large number > 1 ii q > d. 
Note that if g < d, then 1/q* = 1/q - 1/d. 

Theorem 3.5 (Optimal global regularity for elliptic equations). Let u G 1^2^ (fi) 
be a weak solution to (1.1). Suppose in addition that f G L^^fl) and g G Lr{^) 
for some a G (d, cx)) and t G (d/2,oo). Then there exist positive j3 — f3{d, fj.,a,T) 
and p — p{d, PjO^jT) such that, under Assumption \3.^ (f3) and Assumption p.3{ (p), 
we have 

IWllvv^in) ^ ^j where p = minjcr, r*} > d 
and N = N{d^p, pi, p2,cr,T, (3,u, ||/||l„(o), llfflli^cn), ^1, t^, M)- Consequently, we 
have u G C"{VL) where a = 1 — d/p. 



Now we state our results for the parabolic equation (O), assuming the following 
controlled growth conditions on the lower order terms: 

\a^{t,x,u)\<pi{\uy'^ + f), 

\b{t,X,U,Vu)\ < /i2(|VM|2(l-l/7) + lup-^+g), 
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where 

a 
Our first main result for parabolic equations is a reverse Holder's inequality 
for the following parabolic equation. Note that we do not impose the zero initial 
condition as in the equation (1.2). 

{u-t — Di [Aij{t^ X, u)DjU + ai{t, x, u)) — b{t, x, u, Vu) in Ut, 
u = ondiUr. ^^''^^ 

By a weak solution to the above equation we mean u £ V2{IAt) such that, for 
any ip € wI'^{Ut) and t e [0,r], we have 



u{t,x)ip{t,x) dx — i u{0,x)ip{0,x) dx 
In Jn 

/ [uipt — Aij {s,x, u)DjuDiip — ai{s, x, u)Diip + b{s, x, u, Du)ip] dx ds. 
/o Jn 

Theorem 3.6 (Reverse Holder's inequality for parabolic equations). Let u € 
V2{'Ut) be a weak solution to ( |3.lD . Suppose in addition that f € La{UT) and 
g S Lt{Ut) for some a G (2, cx)) and r G id I^TI ~ 1); °o)- Then there exists p > 2 
depending only on d, ^, ni, fi2, a, t, fi, u, \\J\\l„{Ut) °''^d WgWh^iUr)' such that 
u G Hp ioc{^t)- Moreover, for any < e < T, we have 

ll"IUw2((£>T)xO) + l|£''«IUp((s,T)xO) < N, 

where N = N{d, n, A^i, A*2, cr, r, (3, u, ||/||L„(t/^), ||.9||l,(Wt)> £> T, \n\). In particular, if 
the initial condition is zero, one can take e = 0. 



Remark 3.7. The statements of Theorems 3.2 and 3.6 are true for elliptic and 
parabolic systems under the same conditions. 

The assumption below reads that the coefficients Aij{t,x, z) for parabolic equa- 
tions are merely measurable in t S K. and have small mean oscillations in x €W^. 
We set 

y4.^ = sup sup T T T \Aj{s,x,zo)-Aij{s,y,zo)\dxdyds. 

zoGR,r<ii: 

Assumption 3.8 (p). There is a constant Ri G (0, 1] such that A* < p. 

The following is a continuity assumption on Aij(-, ■, z) as functions of 2: G R. 

Assumption 3.9. There exists a continuous nonnegative function w(r) defined on 
[0, 00) such that oj{0) = and 

\Aij(tQ,XQ,zi) - Aij(tQ,xo,Z2)\ < uj{\zi - Z2I) 

for all (to, xq) G ]R''+^ and zi, Z2 G M. 

For the parabolic case, set 

9(^ + 2) ., , ^ 

* , ;' . if q<d + 2, 

q =<( d+2- q 

arbitrary large number >1 if q > d + 2. 
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Note that iiq <d + 2, then 1/t* = 1/r - l/{d + 2). 

Theorem 3.10 (Optimal global regularity for parabolic equations). Letu £ 'H\{Ut) 



he a weak solution to (1.2). Suppose in addition that f G LaiUx) and g G Lt{Ut) 
for some a E {d + 2, oo) and r £ {d/2 + 1,cxd). Then there exist positive /3 = 
(3{d, /i, a, r) and p — p{d, ji^ a, r) such that, under Assumption \3. l\ ((3) and Assump- 
tion \3.^ (p), we have 

\\u\\hI{Ut) < N, where p ^ min{a,T*} > d + 2 (3.2) 

andN = N{d, p, fii, fi2,(J,T, l3,u, ||/||i,^(j^^), ||5||i^(;^^), i?i,a;,r, |f2|). Consequently, 
we have u G C°'/'^^°'{Ut) where a = 1 - (d + 2)/p. 



Remark 3.11. Even if the initial condition of a solution u to the equation (1.2) is 



not zero, we still have the same result as in (3.2), but with (e, T) x i7 in place of Wj- 



This follows easily from the proof of Theorem 3.10 together with an appropriate 



set of cut-off functions with respect to the time variable. 



4. Reverse Holder's inequality: Parabolic case 

This section is devoted to the proof of Theorem B^fl, which is a reverse Holder's 
inequality for parabolic equations. The main ingredients of the proof are a bound- 



ary estimate (Proposition 4.4) and an interior estimate (Proposition 4.5). For these 
estimates we use the following well-known multiplicative inequality; see, for exam- 
ple, [|3[ §11.3] OTp^, §VI.3]. Throughout this section as well as Sections H and ^ 
as in Theorem p.q we set 

2(d + 2) 

Lemma 4.1. For any R > and u e W2{Bb), we have 

||«||L,(S«)<A^(d)h|llf^B.)(P^||L.(B.)+i?-i"||L.(B„))^- 

We also use the following cut-off functions in the proofs below. Let r/o G C^{Bi) 
and Co e C'cTl^lil) be functions satisfying < ?7o,Co < 1, ^70 = 1 on B1/2 and 
Co = 1 on (-1/2,1/2). Let R G (0,1], xq G H and to G (G,T). Define 

r^ix)^MR-\x-xo)), at) = CoiR'\t-to)). (4.3) 

Recall that Ur{X) = UTr\Qr{X). First we prove the following energy type inequal- 
ity. 



Lemma 4.2. Let u G V2{Ut) be a weak solution to (3.1), and f G L2(Ut) and 



g G L^(Ut). Then, for any xq G M'', < i? < i?o and to G [R'^,T] 
sup / u''{t,x)r]\x)C^{t)dx + p f |VMpry4^2 

<n(r-' f \u\WC+ [ W+l (l/P + |g|^)), (4.4) 

where X^ = (to, Xq) and N = N{d, p, pi, p2)- 
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Proof. As a test function, multiply both sides by u{t,x)ri'^{x)(^{t)!^ Then 
i/ u^{t,x)r]\x)CHt)dx+ f f A,jis,x,u)DjuD,iur]*C^) 

b{s,x,u,Vu)uri'^(^ — / / ai{s,x,u)Di{uri^('^) 

Jto-R? Jna{xo) 

From this we obtain 

/ 2/. \ 4/ \a2/.\ j , h^ I |V7 |2 4/-2 

4 t£{to-R^,to)-Jnf 



< 



u\t,x)r,\x)e{t)dx+^ f |Vupr;V 

r(2;o) ^ JUr{X„) 

if \A,\\Vu\\u\tj^\V7^\C^+ f \a,\\Vu\Tj^C^ 

JUr{Xo) JUr{Xo) 

JUr(Xo) JUr(Xo) JUr(Xo) 

:= Ji + J2 + Jz + Ji + h- 

We estimate J^, i = 1, • • • , 5 by using Young's inequality as follows. 
Estimate of Ji : 

-■■0 JUr(Xo) JUr(Xo) 

Estimate of J2: 

J2<N j \u\'^'^\Vu\7^^e +N f \.f\\Vu\fj\^ 

JUrXXo) JUr(Xo) 

Estimate of J3 



16 .)Ur(Xo) JUr(Xo) JUr(Xo) 



Jz<N \uV'M\'^vWe + N / |/||^i||V77h^C' 

JUr{Xo) JUr{Xo) 



JUniXn) JUj,(Xn) 



< JY / L.I7„4a2 , AT I L.|2|v7„|2„2a2 , at I |J-|2„4^2 

'Ur(Xo) JUr(Xo) JUr{Xo) 

Estimate of J4: 



Jur{X„) JUr{X„) JUr{Xo) 

-LO JUrXXo) JUr(Xo) JUr{Xo) 

By combining the above estimates and using the fact that C,'^ < (, we obtain 



it3- n 

As a consequence of the above inequality we prove that \\u{t, ■)llL2(f2fi(x)) ~^ 
uniformly in {t,x) as i? — 5- 0. Especially, if / G LaiUT) and g G Lt-{Ut) for 



*To be rigorous, here one needs to take the Steklov average of u and then pass to the Umit. 
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some a G (2, cx)) and t e (7/(7 — 1), 00), by Holder's inequality it follows that the 
smallness of ||M(t, ■)\L.2(aR(x)) depends only on u, ||/||l„(Wt); II3||l,(Wt)> and i?. 



Corollary 4.3. Under the same assumptions as in Lemma 4-<^, we have 



sup 

fe{fo~R^/4,t„)-J^R/2{xo) 



/ u'^{t,x)dx ^0 as i? -> 

Jfln/olxn) 



(4.5) 



uniformly in to and xq . 
Proof. By Holder's inequality 



R- 



Ur{Xo) 



\u\^ < N 



UniXo) 



From this and the inequality (4^) we have 



sup / u (t, x) dx 

tGito-R^/4:,to)Jnji/2{xo) 



<N f (\u\-' + \ff + \g\^) + 



UniXo) 



N 



Ur{Xo) 



Then (4.5) follows from the assumptions onu, f, g, and l p.l\ ), as well as the absolute 
continuity of Lebesgue integrals. D 



4.1. Boundary case. We now derive a reverse Holder's inequality for solutions to 
(pj]) on a parabolic cylinder whose spatial center is located at the boundary of fl. 



Proposition 4.4. Let u G V2{14t) be a weak solution to (3.1), and f G L2{Ut) 
and g G L i (Ut)- Then, for any Xq = (to, xq) G M'*^^ and Q < R < Rq such that 
Xq G dQ and to > R"^ , 



/ \ 2/<? 

/ (|V^|2 + H^)<7V / \S7u\A +nI (|/P + |Fp) 



+N sup I / \u 

te(to--R^to) \Jvir{xq) 



^dx 



iVul 



Ur(Xo) 



_ 2(d+2) 



where q=i^^^ (1,2), F=\g\^—^, and N = N{d, ^i, fn, (12, P). 



Proof. We use Lemma 4.2. Denote by /i, I2, and I3 the three terms on the right- 
hand side of the inequality (4.4), the estimates of which are obtained as follows. 
First, note that we only need to deal with /i and I2 terms. 
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/, = / / luPdxdt 



Estimate of h- We extend u to be zero outside Ut- By Lemma ^jj and Poincare's 
inequality 

Jto-R? JBr(xo) 

<N r (f \u\^dx] (f \\7u\^ + R-^\u\'^ dx] dt 

Jto-R^ \JBn{xo) J \Jbr{xo) J 

2 

<N sup [/ lupda;] / \\7ufdxdt, 

te(to-fl^io) \JnH.{xo) J JUn(Xo) 

where N = N{d,P). 

Estimate of /i: By Holder's inequality and the Sobolev-Poincare inequality, 

h^R-'f HVC 

JUr{Xo) 

2 d+2 

fto / f \ ''+''/ /■ \ '*+" 

<R-^ { \u\^r^^C^dx] / \u\^dx] dt 

Jto-K^ \Jbr(xo) ) \Jbr{xo) J 

<NR-'' f" if \u\^r]'^C^ dx] i [ \Vu\'^dx] dt 



a 
— TTHTT ^^P 



up / \u\^Tj^C^ dx + N ( R-'^ f \Vi 

-R^,to)J^R{xo) \ Jur{Xo) 

where N = N{d, p) and 



16A^o tea.- 



Therefore, we have 

2/q 

IV^IM +N (l/P + lFp) 

JUr{x„) 



, [ |Vu|^\^ < R'+^ I / \VuA 

Jur{Xo) \Jur(Xq) j 



+ iV sup / \u\^dx\ / iVup , 

te(to--R^to) \Jq.r{xo) ) \Jur{Xo) J 

where 

F^ |5|5-'-i. 

This together with the estimate of I2 yields the inequality in the proposition. D 

4.2 . Interior case. This subsection is devoted to an interior version of Proposition 
4.4, the proof of which is in fact more involved. 



Proposition 4.5. Let u S V2{Ut) he a weak solution to ( |3.lD , and f G L2{Ut) and 
g e L^_{Ut)- Then, for any Xq G M'*+i and < R < I such that Br{xo) C U. 
and to > R^ , 

i\Vu\^ + \u\-y)<N( -f iV^r + l^l^) +N -f (l/P + lFp) 

R/2iXo) \JQRiXo) I JQr{Xo) 
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where 



-N sup / \u\^dx\ f |Vu|2 

te(to-fl^to) \JBn{xo) I yJQRiXo) , 



q=— -, F^\q\-^i-^. 

y d + 4 ' "^' 



and N = N{d,\i,[ix,\i.2AAv.2{UT)^\^\\h-2{UT)-^h\\L-,n^_rAUT))- 



Proof. Take the same 77 and C as in (O). Note that Jg . ^ 77'' dx is comparable to 
the volume of Bji , 

/ r]'^dx = NiR^ 

for some constant A^i independent of R. As a test function, multiply both sides by 
{u ~ u{t))r]'^{x)C'^{t), where 



s^ -1 

4 



u{t) — [ I ?7* (ia; I / ury* dx = — + urj dx. 

\Jbr(xo) J Jbr(xq) Ni J Br{xo) 

Since 

/ ut{u-u{t))TfC'^ dx = I {ut - u{t)t)(u-u{t))ri'^C'^ dx, 

JBr(xo) JBr{xo) 

we get 

\l {u~u(t)ffi\x)e{t)dx+ I I Aj{s,x,u)D,uD,{{u-u{t))rj\^) 

^ JBr{xo) Jto-R^ JBr{xo) 

/ b{s,x,u,\/u){u — u{t))7] Q^ — ai{s,x,u)Di{{u — u{t))rfQ'^) 

to--R.2 Jbr(xo) 
Jto~R2 JBr(xo) 

From this, 

-*- „..^ f I.. .-.U\\2l, ^\Ai^/-2i.\,^ , M f |V7„,|2 4a2 



sup / {u-u{t)Y{t,x)r^''{x)C{t)dx+'- |Vu|^ry*C 

<A I \A,j\\yu\\u-u{t)\rf\Vf]\(^ + I \a^\\Vu\TfC'^ 

JQniXn) JoRiXn) 



+ 4/ \a,\\u-u{t)\\VvW'C+ \b\\u - uit)\^\' + (u-z2(t))VlCt|C 

JQr(Xq) JQr(Xo) JQr{Xo) 

:= Ji + J2 + ./3 + J4 + J5- 

Again we estimate each term by using Young's inequality. 
Estimate of Ji : 

Jl<T7i! IV^P^y^C^ +N j \U- z2(t)nV7yp,y2^2_ 

lO JQr(Xq) JQr(Xo) 
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Estimate of J2: 

J2<N 

- 16 
Estimate of J3 



\uy'^\Vu\'q^(' + N |/||Vu|77^C' 

QbXXo) JQr{Xo) 



Qr{Xo) 



\VuUC' + N \uPvH'+N I/IVC'. 



Qb{Xo) 



QrXXo) 



3^2 



J3<N \u\->/'\u-uit)\\Vv\r,'C' + N \f\\u-u{t)\\^v\VX' 

jQnXXa) JQR(Xa) 

<N f iui vc +N f \u- u{t)\'\vv\we +N f m^v'e- 

JQr(Xo) JQr(Xo) JQr(Xo) 

Estimate of J4 : 
Ji<N [ |Vu|2(i-i/7)|u __ u(t)|r;4c' + N 

jQRiXa) JQRiXo) 

+ N f \g\\u-u{t)\ 

JQrXXo) 



u\^-^\u^u{t)\ 



< 



16 



QrXXo) 



IVmI^'^C^ +N {\uP + \u- u{t)P) +N |g|^^ 



QrXXo) 



QrXXq) 



Hence 



sup 
< NR- 



■rXxq) JqrXXo) 



QrXXo) 



u - u{t)\'^ffC + N (|up + \u- fl(t)p) 



QrXXq) 



+ N (|/P + |g|^) 

JQrXXo) 



Note that 



\u — u(t)|^ dx - 

Br(xq) JBrXxo) 



1 



"(^,a;) - -^ 7- u{t,y)T]'^{y)dy 



dx 



' Br{xo) 

<N2 



-— f u{t,x)T]'^{y)dy- -— f u{t,y)ri'^{y) 

^Vl J BRixo) ^^1 J Br{x„) 

\u{t,x) ~ u(t,y)\ dydx. 



dy 



dx 



3rXxo) •' BrXxo) 

Therefore, the term /i can be estimated exactly as before by using the Sobolev- 
Poincarc inequahty instead of the boundary Sobolev-Poincarc inequahty: 



h < 
where 



— ^ sup / \u^u{t)\^T]'^C^dx + NiR-'^ iVul" 

IGNq te{to-K'A>)JBR{x„) \ Jqr(Xo) J 



-^^'-- 
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The only difference is in the estimate of I2, which we focus on below. First, we 
note that, by the triangle inequality, 

h<N [ \u^u{t)\^rj\^+N f |H(t)|VC':=/2i+/22. 

JQeXXo) JQr{X„) 

We estimate /21 in the same way as the term I2 in the boundary case: 



/21 < TV sup / \u - u{t)\'^ dx \ / \Vu\'^dxdt 

te(to-K\to) \JBa(xo) J Jqr{Xo) 

<N sup I / lupda;) / \\/ufdxdt. 

te{ta-R^M yBnixo) ) JQn.{Xo) 

For I22, by the triangle inequality we have 

I22<N f \u{t) - cp + NR'^+^c^ := I221 + I222, 

JQuiXo) 



where 



Jta-R^ 



dt. 



The estimate of I222 is simple: since 7(7/2 > 1, by Holder's inequality. 



1-222 < NR 



d+2 



J QnXXa) 



\u\ I < NR 



d+2 



J QbXXq) 



2/q 



|7«/2 



3) / \JQnXXo) 

To estimate /221, we use Poincare's inequality in t to get 



/221 < NR 



to \ T / /-to 



uAdt] <NR'' 



ita~m 
It follows from the equation that 



R 



-d 



ta-m 



ut{t,x)ri dx 



Br{xo) 



dt 



where 

/■to 
'ta~R^ JBn(xa) 

Integrating by parts gives 



/221 < NR^+^r 



{Di{Aij {t, X, u)DjU + ai{t, x, u)) + 6(t, x, u, Vu))rj dx 



J<NR^j \A,j\\yu\rf\yri\+NR^ j- \a^\\V r]\rr' + N R^ j- 

JQr{Xo) Jqr(Xo) Jqr{Xq) 



\b\ri' 



<NR-f {\Vu\ + \up^^ + \f\) + NR^ -f (|Vup(i-i/7) + |y|7-i + |^|) 

■JQrXXo) Jqr(Xo) 

:= N{Je + J7 + Js + Jg + Jio + ^ii)- 
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Now it remains to use Holder's inequality on each term as follows: 



J6=R-f |Vw|<i?(/ \Vu\A I -f |Vu|2 

JQr{X„) \JQr{X„) I \JQaiXo) 



2 -, 



2__x 

2 1 



|Vu|« / |Vwp 

'r{Xo) I \JQr{Xo) , 



^r{Xo) \Jqr{Xo) I \JQr{Xo) 



1 — 1. 

2 1 



l"l M / I" 

Qr{Xo) J \JQr{Xo) 



1 — 1 

2 -, 
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J.-rI \f\<R(f l/l'V<f/ l/I'Vf/ I/I 

JQr(Xo) \JQr{Xo) ) \JQRiXo) ) \Jo„(Xn) 

2 

h = R^ I |Vw|2(l-l/7) < i?2 I / IV^r ) " ( / 



, 2 T 

2 I 



fl(^o) \"'Qr(Xo) / \JQr{Xo) 

V^ilO' (/ \Vu\A \ 

Qr{X„) J \JQr{Xo) J 

— 1- 

Jio^R'i \uP''<R'(i I^I^V'f/ \up] 

■JQr{Xo) \JQr(Xo) J \JQr{X„) ) 

2 1 „ 2^ 

VJQr(Xo) / \JQr{Xq) / 



T-1 



/ 



s ^ , \ 1- 



< f \9\—\ \ \9\—\ ■ 

\JQr{Xo) ) \JQr{Xo) ) 

Note that by the assumptions on u, f and g, and (p7[|), 

JQr{Xo) JQr{Xo) JQr{Xo) JQr{X„) 

arc uniformly bounded. Thus by combining the estimates above together, we get 

2 

JQr{Xo) \JQr(Xo) I JQr(Xo) 



+N sup / \u\^dx\ f |Vup, 
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where 



F 



|5|K-i. 



and N depends on d,fj., ^1,^2 as well as ||u||v2(t/T)> II/IIl2(Wt) and ||5||l^/(-,_i)(Wt)- 
This together with the estimate of I2 yields the inequality in the proposition. D 



4.3. Proof of Theorem 3.6. To prove Theorem 3.6, we use the boundary and 
interior estimate proved in the previous subsections as well as the following result, 
which is a version of Proposition 1.3 in pli; also see Chapter V in [n9|. 

Proposition 4.6. Let ^ > in Q — {0,T) x fl and satisfies with some constant 
r > 1 



k 



$'■ < TVo 



$ 



Qr(Xq) 



»r{Xo) 



No f *'■ 



$'■ 



Qsni^o) 



for every Xq G Q and QsR.{Xo) C Q, where 9 £ (0, 1), then $ e L^ociQ) f° 
p £ [r,r + k) and 

if 

\JQr(Xo) I \JQbr{Xo} 

for all QaRiXo) C Q, where N and k depends only on d, r, 6, and Nq. 




Proof of Theorem [g^. We extend u to Q := (O.T) x R'^ so that u{t,x) = if 
X € R'' \ rj. It is easily seen that u G V2(Q). Also / and g are extended in a similar 
way. Let R < i?o/4. 

Let Xq — {to,xo) G Q such that Q4b{Xo) C Q. Then we have the following 
three cases: B4r(xo) C fJ, B4ji{xo) n 9S1 ^ 0, or B4ji{xo) fl Jl = 0. In the first case, 
by Proposition 4.5 we have 



i 



Qn/2(-fo) 



ilVul' + luP) 



2/q 



< N 



iv«r 



N 



Q4bX^0 

+ N 



^4r(Xq) 



{\f\' + \F\') 



sup 

te{to-R^,to) 



' BinXxo) 



\u\ dx 



\Vu\ 



Q4.r{Xq) 



(4.6) 



){Ut)) 



where F = Iffh^-i and N ^ A^(d, A*, Mi, A*2, HwHy^CL/T) JI/IU2(Wt) JIsIIl.,, 

For the second case, take j/o £ dVt such that jxo — j/o| = dis{xo,dVl). We see that 

Br/2{xo) C Bulyo) C B2R{yo) C B4r{xq). 



This combined with the inequality in Proposition 4.4 gives ( [4.6| ) with N = N{d, /i, /ii, /i2, /?)• 
In the third case, (4.6) holds trivially. 

Now due to Corollary 4.3, we have a sufficiently small Rq > 0, which depends 
on u, ||/||l^(z^^) and ||5||l^(Wt), such that for all < i? < R'„, 



N sup 
te(to--R^to) 



\u\ dx 



< 1. 



' B4ii{xo) 
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Then by applying Proposition 4.6 with r ~ 21 q > 1, 



\F\i 



for some p G I 2, minjcr. 



2(7-1), 



t} and ah Q4ii{Yq) C Q, we have 



£ 



\\/u\P + \u\^ <N 



Nu\ 



N 



QiR{Yo) 



i/r 



\F\P, 



'Qr/2{Yo) \JQiR{Yo) ) 

where p and iV depend only on d,/i, /ii, ^2, ^, u, ||/||l„(Wt) ^^id ||5||L^(t/^). Covering 
(e,T) X ri with appropriate cylinders Qfl/2(^) such that Q4fl(yo) C Q gives the 
desired result. 

If the initial condition is zero , we extend u to be zero for i < so that the 
extended function u satisfies (3J) on (— 1,T) x O. D 



5. Linear estimates 



To proceed to the proofs of Theorems B.5 and 3.10, we need Lp-estimates for 
linear elliptic and parabolic equations. In this section, we consider the following 
linear parabolic equation 



vt - DAa^D.v) 



Dihi + h in Ut, 
on dpUr, 



(5.7) 



and present some Lp-estimates necessary to the proofs of our regularity results. 

We assume that the leading coefficients a^ are merely measurable in t and have 
small mean oscillations with respect to a; G R"*. To describe this assumption, we 
set 

f-tn 



a^ — sup sup 

l<iJ<<i(to,a:o)eR''+^ J(o-r2 
r<R 



\aij{s,x) - aij{s,y)\ dxdyds. 



B,.{xo) J Br{xo) 



Assume that \aij{t,x)\ < n ^ and aij{t,x)^i^j > ^|i^P for all ^ € M'' and {t,x) G 
^. Also we assume 

Assumption 5.1 (pi). There is a constant Ri G (0, 1] such that a^ < pi- 

We recall the following result in [Q . 

Proposition 5.2. Let fl be the whole space W^, a half space, or a bounded Lipschitz 
domain. Let p G (2,cx)), p G [p/(p - l),p], h^ G Lp{Ut), and h G Lp{Ut)- Then 
there exist positive /3 — /3{d , p, /i) and pi — pi(d, p,/i) such that under Assumption 
3.1 (/3) and Assumption p. i^ (Pi)> there is a unique v G T-OpiUT) satisfying (5.7) and 

\\v\\-HI{Ut) < N\\hi\\Lp{UT) + N\\Hl^{Ut)^ 

where N ^ N{d, fi,p, Ri,T,\n\). 

The proposition above was proved in |I3] with /3 and pi depending on p. An 
interpolation argument shows that they can be chosen sufficiently small in terms 
of p, instead of p. Indeed, if we have the Hi solvability of (5.7) for some aij and 
ri, by the duality, the 'Hj //p_]^i solvability follows. Then we apply Marcinkiewicz's 
theorem to get the Hj, solvability for any p G [p/(p — l),p]- 

By using Proposition 5.2, we derive 
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Theorem 5.3. Let cr, g £ (l,oo), p G (2,oo), hi £ LaiUT), and h £ Lq{UT)- 
Assume thatp :— min{CT,(7*} £ [p/(p — l),p]. Then there exist positive (i — /3{d , p, /i) 
and pi — pi{d,p,fi) such that under Assumption 3.1 (/3) and Assumption 5.1 (pi), 
there is a unique v £ "HUUt) satisfying (5/7) and 

MuiiUr) < N\Mlaut) + N\\h\\L,iUT)> (5-8) 

where N = N{d, ^i,a,p,Ri,T,\n\). 

Proof. We first prove the existence. Since the equation is linear, by Proposition 5.2 
we may assume hi = 0,i = 1,2, ...,d and thus p — q* . Also by using a partition of 
the unity, it suffices to consider the cases J7 = M"^ and il ~ R'| . 

In the case that i7 = M'', let w be the unique W^^'^ilAT) solution to 

Wt — Aw == h in IAt, 

w = on dpUT, 

By the parabolic Sobolev imbedding theorem, we know that w £ HL (Ut) and 



\\Dwh^,^UT)<N\\h\\L^^u,y 



(5.9) 



Now by Proposition 5.2 there is a unique solution w £ 7^L(i^x) to 



lit - Diia^jDjii) = Di{{a.i^ 



5ij)Djw) in Ut, 
w — on dpUT- 



Moreover, 



I^*I|l,.(Wt) < m\Dw\\L^,iUT) < N\\h\\L,^u^y 



Clearly v := w + w € HUUt) is a solution to (5.7) and satisfies (5 



In the case that Vl = R^, let w be the unique W^''^{{0,T) x R'^) solution to 
Wt — Aw = h m {0,T) X M.'^ with the zero initial condition, where h is the odd 
extension of h with respect to xi . C learly w = on dplAx, and as before we know 
that w £ 'H]j,{1Jt) and satisfies (^.8|). Now we argue as in the previous case and 
find the solution v to the initial-boundary value problem. 

Finally, the uniqueness follows from the uniqueness of 'H.]^:^^r^ -.{IAt) solution 
stated in Proposition 5.2. D 



6. Proof of Theorem 3.10 



Before the proof of Theorem 3.10 we present the following two lemmas, which 



assert that solutions to (1.2) are globally bounded and have some Holder regularity. 



Lemma 6.1. Under the same assumptions as in Theorem 3.1C, we have 

\\u\\l^{Ut) < N{d,fi,pi,p2,cr,T,l3,u,\\f\\L^{UT)A\9\\LAUT}^T,\n\). 
Proof. We use Theorem V.2.1 in p3]. To apply this theorem we need to check that 



u £ Lq^ {Ut), for some gi £ ( 2 + -, 4 



We also need to check that 



M, 



[A,, {t, X, u)^, + a,{t, X, u)) e« > ||er - Niii, fii)\ur - \u\'i'{t, x), 
-b{t,x,u,Ou < ^\e + N{fi,^i2)\u^ + \u\^i^{t,x) 



(6.10) 
(6.11) 
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for all {t, x) e R'*+\ |u| > 1, and ^ e W^, where 



V' e Lq2 (Ht), for some q2&[- + l,d + 2 



Observe that 

a^{t,x,u)(, < /iilCKI^r^' + /) < EMiieP + A^(£)Mi|wr + ^(£)Mi|/I' 
< e^iiei' + A^(e)m|wr + A^(eVi|w|2|/|2 
for |m| > 1. By taking e = l/(2/ii), we have 

(A,,(i,a:,w)ej+a,(t,a;,u))e^>Ai|^|'-eAii|er-^(£)Mi|wr-^(£)Mi|wPl/l' 
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.12) 



fJ- 



^|2-iv(Ai,A^i)i«r-7v(/i,^i)iun/p 



For the inequality ( p.ll ), we have 

- b{t,x,u,ou < \b{t,x,u,oH < M2 (kiiep^'-'/^' + i«r + i«iff) 

< M2 (elCP + iV(£)kr + \u\^g) = ^\e + A^(m, M2)|"r + A^(a^, M2)|«| V 
Let p be the constant from Theorem |3.6| and recall 7 = 2 + | . Now we take 



^^^(2 + ^'4+?)^(^'f 



, d , \ f d a 

, 'Z2e ( 2+i'^ + 2Jnf- + i,-AT 



^ = N{^x,^l^)\f\' + N{^l,^i2)9. 

Then we see that all the conditions in ( |6.10[ ) - ( |6.12 ) are satisfied. In particular 
we have u € Lq^iJAr) by Theorem 3.6. 



D 



Upon replying on the fact that the solution u to the equation (1.2) is bounded, 
we obtain the Holder continuity of u from Theorem V.1.1 in [E3|. 



Lemma 6.2. Under the same assumptions as in Theorem, 3.1C, we have 

where v € (0,1) and N > depend on d, /i, ^i, ^2, cr, t, j3, u, WIWl^cut)' 
llfl'llL.(WT); T, and |0|. 

Let u{t, x) be an extension of u{t, x) such that u(i, x) = if a; G M"* \ il. Then 

define 

Ai.j{t,x,u{t,x)) if < i < T, 



aij (i, x) 



otherwise. 



Also define 



hi{t, x) := ai{t, X, u{t, x)), h{t, x) :— b{t, x, u{t, x), Vu(i, x)). 



Then the equation (1.2) turns into 

{Uf — Di{aijDjU + hi{t, x)) — h{t, x) in Ut, 
u = on dpUr- 
Note that 

Mt, x)\ < Mid^r/' + f) < ^^l{N + f) e l,{Ut), 

where N is from Lemma p.l] , and 

Ht,x)\ < ^i2{\yu\'^'-'/-'^ + \ur' + g). 



(6.13) 

(6.14) 
(6.15) 
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The coefficients Oy in (3.15) satisfy, for any {to,xo) G 



fd+i 



Jtn-r^ Jx. 



\aij {s,x) - aij (s, y) \ dx dy ds 

"io p 

lo<s<T / \Aij{s,x,u{s,x)) - Aij{s,y,u{s,y))\dxdyds 

/to-i-2 J x,yeB,.(xo) 

<f h<s<T f \Aij{s,x,u{s,x)) ~ Aij{s,x,u{toAT,xo))\dxds 

"to p 

lo<s<T f \Aij (s, X, u{to A T, xo)) - A^j (s, y, u{to A T, xo))\ dx dy ds 

"to p 

lo<s<T / \Aij{s,y,u{tQ AT,xo)) - Aij{s,y,u{s,y))\dyds 

lto-r2 JyeBr-ixo) 



< 2uj{Nr'') + A* . 
That is, by using the notation in Section ^, we have 

a*<2uj{NR'')+At- 



Then by Assumptions 3.3 and 3.4 there exists i?2 G (0, Ri] such that 

4,, < 2P, 
where i?2 depends on the function uj, and the constants N and f in Lemma | 

Proof of Theorem S.l(\ We set p to be max{cr, r*}, and fix 

13^ I3{d,p,fi), p= -pi{d,p,^i), I 



(6.16) 



3.17) 



where /3((i, p,/i) and pi{d,p,ij,) are those in Theorem 5.3. 

By Theorem 3.6 there exists po > 2 such that u e Til^^{UT)- If Po > minja, r*}, 
we i mmed iately obtain (3^). Otherwise, we see that u satisfies ( |6.13 ). By ( |6.14 ) 
and ( |6.15 ), hi G LcilAr) and h e Lq^{UT), where 



qi ~ mm 



2(7-1) 



PO,T 



Set pi — minjcr, q^}. Since I „, 'Li'i Po ) can be taken arbitrarily large in the case 

that 

7 



2(7-1) 



we see that 



Pi = 



l{cr,T*} 



i{cr. 



PG>d+2, 



if 



7 



2(7-1)^ 



Po ,T*} if 



2(7-1) 



2(7-1) 



Po > d + 2, 



Po < c^ + 2. 



Note that piG [p/(p - l),p]. Thus by Theorem ^ along with ( |6.16| ) and (|6A7|) 
applied to ( ^.13| ) we have u e "H^^ (Ut) and 
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where N — N{d, /i, cr,pi, p, i?2, T, \fl\). Be arin g in mind the definitions of hi and h 
as well as using Theorem 3.6, we obtain (3.2) unless 



2(7-1) 



Po < d + 2 and 



7 



rPo 



In this case, 



2(7-1) 

_ {d + 2)po 
^2(7-l)"7 d + 4-po 
and by ( |6.15 ) and the fact that u £ Hp^ (i^r), we have 



Pi 



zPo 



< min{cr, r*}. 



> Po, 



(6.18) 



h e Lq^iHr), (?2 = min 



2(7-1 



-Pl,T 



Note that q2 > qi- We define p2 = niin{(T, ^2} > Pi- Then (3.2) is proved unless 
( 3.1g ) holds with pi in place of po- We repeat the above argument to obtain 
P3 , P4 , • • • with the recursion formula 

{d + 2)pk 



Pk+i = 



rf + 4 



Pk 



Since 



Pk+i -Pk> 



k = 0,1,2, 



pojPQ -2) 
d + 4 '■ 



there has to be an integer feg such that p = pk„ = min{cr, r*}. Note that pk < p for 
all /c = 0, • • • , feg. This allows us to use Theorem 5.3 in the above iteration process 
with the same /? and p in (6.17) for all /c = 0, • • • , fco. □ 

We remark that in order to run the bootstrap argument above it is crucial that 
the starting point pq is greater than 2. 

7. Elliptic case 



This section is devoted to the proofs of Theorems |3^ and ^. We use the same 
strategy as in the parabolic case. Since the argument is similar and in fact simpler, 
we only give an outline of it. In this section, as in Theorem 3.2 we set 

any number bigger than 2, d = 2. 

7.1. Reverse Holder's inequality: Boundary estimate. The following is an 
elliptic version of Proposition 4.4, where the estimate concerns u on a ball centered 
at a boundary point. 



Proposition 7.1. Let u S VF2^(J7) be a weak solution to (1.1), and f £ 2^2(17) and 
g £ i^L(ri). Then, for any xq £ dfl and < R < Rq, 



^0^/2(2:0) \ J Unix a) , 






\F\ 



+ 7Vi?'^T(^^5)+7 ( / |Vy|: 

Innixo) 



iVul 



nn(xo) 



where F ~ |g| ^ ^-i and N = N[d, fi, fii, /i2, /?)• 
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Proof. Let rjo G C^{Bi) be a function satisfying < 770 < 1 and ryo = 1 on -Bi/2- 
Let R £ (0, 1] and xq G 917. Using a test function ui]'^, where 77 — rio{R^^{- — xq)), 
we have 

Aij{x,u)Di{uri )DjU+ / ai{x,u)Di{uri )~ b{x,u,'V)uri . 

InnXxo) Jilnixo) Jnfi{xo) 

That is, 



Aij{x,u)r]{Diu)ri{Dju) = - / Aij{x,u)2u-q{DiVi){Dju) 

Q.r{xq) Jna{xo) 

ai{x,u)Di{u'rf) + I b{x,u,V)urf =: Ji + J2 + J^- 

IUuXxq) JUnXxo) 

We estimate Ji, J2 and J3 by using Young's inequahty. 
Estimate of Ji : 

Ji<n[ Nu\\u\r]\Vr]\ < J- f r]^\\/u\^ + Nf luplVr/p. 

Jn„(xo) 1" Jna(xo) JilRixo) 

Estimate of J2 : 



J2< 



J^r(xo) JilfiXxQ) 



<—[ \Vu\^r]^+Nf |u|V+^/ Ifl^V^+NJ |Mp|V?7p. 

16 Jq,r(xo) Jnaixo) Jnnixa) Jnuixa) 

Estimate of J3: 

h<ti2l \Vu\''^^-^'^^\u\ff + pi2 f \u['-^\u\if + ^i2 f \g\\u\Tf 

JilnXxa) JQr{xo) JnR{xo) 

<j^[ IVUIV+M2/ IUIV+M2/ \9\^V^- 

-1-0 JilRixo) JilRixo) JilR{xo) 

Thus, 

<A^/" |u|2|Vr7p+iV / \up + N f (|/P + |.g|^) 

JnR{xo) JilR{xo) J^r(xo) 

-.^Nih+h+h). 

Now we get estimates for /i and /2 as fohows. 
Estimate of /2: By the Sobolev-Poincarc inequahty. 



I2 < NR'^^(^'i)+^ I I \Vi 

\J^r(xo) 



u\'\ , (7.19) 



where N ^ N{d,l3). 

Estimate of /i : Again by the Sobolev-Poincare inequahty. 



QUASILINEAR ELLIPTIC AND PARABOLIC EQUATIONS 23 



where g = -^ and TV = N{d, /3). 







IV^P / iVup 



where 



Finally, we obtain the desired inequality in the proposition by adding ([7.19 ) to the 



above inequality and diving all terms by i? . D 



7.2. Proofs of Theorems 3.2 and 3.5. We go through the same arguments for 



the parabolic case shown in the previous sections. Especially, for the proof of 



Theorem 3.2 we use Proposition 7.1 in this paper and Theorem V.2.2 in |19(], the 



latter is an elliptic version of Proposition [1.5| . We leave the details to the interested 
reader. 
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